Abstract. Iwasawa theory of Heegner points on abelian varieties of GL2 type has been studied by, among others, Mazur, Perrin-Riou, Bertolini and Howard. The purpose of this paper, the first in a series of two, is to describe extensions of some of their results in which abelian varieties are replaced by the Galois cohomology of Deligne's p-adic representation attached to a modular form f of even weight > 2. In this more general setting, the role of Heegner points is played by higher-dimensional Heegner cycles in the sense of Nekovář. In particular, we prove that the Pontryagin dual of a certain Bloch-Kato Selmer group associated with f has rank 1 over a suitable anticyclotomic Iwasawa algebra.
Introduction
Initiated by Mazur's paper [20] , Iwasawa theory of Heegner points on abelian varieties of GL 2 type (most notably, elliptic curves) has been investigated by, among others, Perrin-Riou ( [28] ), Bertolini ([1] , [2] ) and Howard ([12] , [13] ). A recurrent theme in all these works is the study of pro-p-Selmer groups, where p is a prime number, in terms of Iwasawa modules built out of compatible families of Heegner points over the anticyclotomic Z p -extension of an imaginary quadratic field. In particular, several results on the structure of Selmer groups obtained by Kolyvagin by using his theory of Euler systems ( [15] ) were generalized to an Iwasawa-theoretic setting.
The goal of the present paper, the first in a series of two, is to describe extensions of some of the results of the previously mentioned authors in which abelian varieties are replaced by the Galois cohomology of Deligne's p-adic representation attached to a modular form f of even weight > 2. In this context, the role of Heegner points is played by Heegner cycles, which were introduced by Nekovář in [24] in order to extend Kolyvagin's theory to Chow groups of Kuga-Sato varieties. More precisely, the main result of our article shows that the Pontryagin dual of a certain Bloch-Kato Selmer group associated with f has rank 1 over a suitable anticyclotomic Iwasawa algebra.
Let N ≥ 3 be an integer, let k ≥ 4 be an even integer and let f be a normalized newform of weight k and level Γ 0 (N ), whose q-expansion will be denoted by f (q) = n≥1 a n q n .
Fix an imaginary quadratic field K of discriminant coprime to N p in which all the prime factors of N split and let p be a prime number not dividing N . For simplicity, we suppose that O is the completion of F at p then V f,p is an F p -vector space of dimension 2 equipped with a continuous action of Gal(Q/Q). Write O p for the valuation ring of F p and set a ′ p := a p p k/2−1 . Throughout this article we shall always work under the following Assumption 1.1.
(1) V f,p is non-exceptional ([6, Definition 6.1]); (2) p ∤ 6N φ(N )h K (k − 2)! where φ is Euler's function and h K is the class number of K; (3) p does not ramify in F ; (4) a ′ p ∈ O × p ; (5) a ′ p ≡ 2 (mod p) if p splits in K and a ′ p ≡ 1 (mod p) if p is inert in K. Additional cohomological conditions that allow us to obtain an analogue of Mazur's control theorem for elliptic curves will be listed and made precise in Assumption 2.4.
In light of results of Serre on eigenvalues of Hecke operators ([30, §7.2]), it seems reasonable to expect that (4) in Assumption 1.1 holds for infinitely many primes p (at least if F = Q). In fact, questions of this sort appear to lie in the circle of ideas of the conjectures of Lang and Trotter on the distribution of traces of Frobenius automorphisms acting on elliptic curves ( [16] ) and of their extensions to higher weight modular forms ( [22] , [23] ).
Let K ∞ be the anticyclotomic Z p -extension of K (i.e., the Z p -extension of K that is dihedral over Q), set G ∞ := Gal(K ∞ /K) and form the Iwasawa algebra Λ :
. As in [24] , one can define a Gal(Q/Q)-representation A that is a quotient of the k/2-twist of V f,p ; denote by H 1 f (K ∞ , A) the Bloch-Kato Selmer group of A over K ∞ . Finally, let X ∞ := Hom This is the counterpart of [1, Theorem A] . The key tool in the proof of Theorem 1.2 is the Iwasawa module of Heegner cycles, which is denoted by H ∞ in the main body of the text. The Λ-module H ∞ is built out of the systematic supply of Heegner cycles introduced by Nekovář ([24] ), which are higher-dimensional analogues of classical Heegner points. Since we are interested in Iwasawa-theoretic results, we work with Heegner cycles of p-power conductor; these cycles live in the Selmer groups H 1 f (K m , A), where for every m ≥ 1 the field K m is the subextension of
As will become apparent later, our strategy follows [1] closely; in fact, we extend to Heegner cycles the Λ-adic Kolyvagin method developed by Bertolini. From a slightly different point of view, analogous results could presumably be obtained by exploiting the theory of Kolyvagin systems due to Mazur and Rubin ([21] ). More precisely, we expect that our constructions can easily be adapted to the formalism of [21] , as was done by Howard in [12] for Heegner points on elliptic curves and by Fouquet in [11] in the context of big Heegner points, thus leading to one divisibility in the relevant Iwasawa-type Main Conjecture. However, in this paper we preferred to adopt the more direct and explicit approach of Bertolini, and hence to work over the Iwasawa algebra only instead of deducing results for the Iwasawa algebra from specializations to discrete valuation rings as in [21] .
We observe that a crucial role in our arguments is played by a result of Howard ([14, Theorem A]) that extends to Heegner cycles and the cohomology of V f,p a theorem of Cornut ([9] ) asserting the non-triviality of Heegner points on an elliptic curve E /Q as one ascends K ∞ . We also note that a version of Theorem 1.2 in the context of Hida families of Hilbert modular forms was proved by Nekovář in [25, Theorem 12.9.11, (ii)]. It is worth pointing out that Nekovář's result applies to all but finitely many members of a given family and that his proof, relying on his theory of Selmer complexes and (of course) on Hida-theoretic techniques, is different from ours.
We conclude this introduction by remarking that in the sequel [17] to this paper we shall study the torsion submodule X tors ∞ of X ∞ . In particular, we will generalize a divisibility result due to Howard ([13, Theorem B]) as well as a result of Bertolini concerning the structure of the annihilator of X tors ∞ ([1, Theorem B]). Applications to a Main Conjectureà la Perrin-Riou will also be given.
For the convenience of the reader, we collect below all the basic notation that will be used throughout this paper.
Notation.
• If G is an abelian group and n ≥ 1 is an integer then G n denotes the n-torsion subgroup of G.
• For any field K we fix an algebraic closureK of K and write G K := Gal(K/K) for the absolute Galois group of K. In the special case where K is a number field, we shall view K as a subfield ofQ (in other words, we chooseK =Q).
• If M is a continuous G K -module then H i cont (K, M ) is the i-th continuous cohomology group of G K with coefficients in M . We will usually write H i (K, M ) as a shorthand for
• If K/F is an algebraic field extension then we denote by
the restriction and corestriction maps in cohomology, respectively. We recall that, for K/F finite and Galois, we have the equality
where tr K/F := σ∈Gal(K/F ) σ is the Galois trace map on H i (K, M ). Further, if v is a place of a number field K then we denote by
the restriction (localization) map at v, which is determined by the choice of an embedding of Q intoK v .
• If K is a number field and ℓ is a prime number then we denote by K ℓ := ⊕ λ|ℓ K λ the direct sum of the completions K λ of K at all the primes λ above ℓ, and we set
• If G is a profinite group, p is a prime and R is the ring of integers of a finite extension of Q p then R[ [G] ] is the Iwasawa algebra of G with coefficients in R. For an R[[G]]-module M we write M G and M G for the largest R-submodule and quotient of M , respectively, on which G acts trivially.
• If K is a local field then K nr denotes the maximal unramified extension of K insideK, so that I K := Gal(K/K nr ) is the inertia group of K. When K is a number field and v is a place of K we also write I v for I Kv . In particular, for all prime numbers ℓ we let F ℓ be the arithmetic Frobenius in Gal(Q nr ℓ /Q ℓ ). We also fix field embeddingsQ ֒→Q ℓ and, with an abuse of notation, when dealing with a G Q -module that is unramified at ℓ we often adopt the same symbol to denote a lift of F ℓ to G Q ℓ (and its image in G Q ).
• If L/E is a Galois extension of number fields, λ is a prime of E that is unramified in L and λ ′ is a prime of L above λ then Frob λ ′ /λ ∈ Gal(L/E) denotes the Frobenius substitution at λ ′ ; the conjugacy class of Frob λ ′ /λ in Gal(L/E) will be denoted by Frob λ (notation not reflecting dependence on L).
• For an algebraic variety V defined over a field E of characteristic 0, an integer r such that 0 ≤ r ≤ dim(V ) and a prime number p, we let 
Here the inverse limit is taken with respect to the maps induced by the natural projections 2.3. Torsion subgroups in compact modules. In this subsection and the next we collect results on Pontryagin duals that will be used in the sequel and for which we were unable to find convenient references in the literature.
Let R be a topological commutative noetherian ring. In the next sections R will always be a commutative noetherian local ring (R, m) that is an m-adically complete Z p -algebra. Moreover, let M denote a compact Hausdorff abelian group, endowed with a structure of a topological R-module. For an ideal I ⊂ R let M [I] denote the I-torsion submodule of M , that is
Finally, equip the Pontryagin dual M ∨ with the R-module structure given by (xϕ)(m) := ϕ(xm) for all ϕ ∈ M ∨ , m ∈ M and x ∈ R.
Lemma 2.1. There is a canonical isomorphism of R-modules
Proof. Write I = (x 1 , . . . , x n ) and consider the map
gives an exact sequence of R-modules
here the surjectivity of i ∨ is a consequence of M [I] being closed in M , hence compact. On the other hand, sending (ϕ 1 , . . . , ϕ n ) to i ϕ i gives an isomorphism between i (x i M ) ∨ and
In light of (4), we want to check that im(
; by definition, for every i = 1, . . . , n there exists
and the proof is complete.
2.4. Application to Iwasawa algebras. As in §2.2, let γ ∞ be a topological generator of
be the augmentation ideal of Λ and for every integer n ≥ 0 consider the ideal I n := γ p n ∞ − 1 of Λ; in particular, I 0 = I ∞ . Now let M be a continuous Λ-module. As before, the dual M ∨ inherits a structure of continuous Λ-module. Since γ p n ∞ is a topological generator of Γ n , for all n ≥ 0 there are equalities
Proof. The equality on the left is just the second equality in (5) applied to M ∨ , while the canonical isomorphism on the right follows upon taking I = I n in Lemma 2.1 and using the first equality in (5).
2.5. The Control Theorem. Fix a normalized newform f of weight k, a prime p and an imaginary quadratic field K as in Assumption 1.1. Write T for the G Q -representation considered by Nekovář in [24, Proposition 3.1], where it is denoted by A p . This is a free O p -module of rank 2. The G Q -representation V := T ⊗ Op F p is then the k/2-twist of the representation V f,p . Finally, define the G Q -representation A := V /T . As above, we shall write A p n for the p n -torsion submodule of A. Observe that
where the direct limit is taken with respect to the natural inclusions A p n ֒→ A p n+1 .
It follows from (6) that
as was to be shown.
To obtain a version of Mazur's Control Theorem ( [19] ) in our setting, we make the following Assumption 2.4.
(1) For all integers m ≥ 1 and all places v of K m dividing N , the group H 0 (I Gm,v , A) is p-divisible.
(2) For all m and all places v of K m above p, the canonical projection
is surjective, where T * := Hom Zp (T, Z p ) is the Z p -linear dual of T and the inverse limit is taken with respect to the corestriction maps.
Remark 2.5. Condition (2) Define the discrete Λ-module
the injective limit being taken with respect to the restriction maps.
Theorem 2.6 (Control Theorem). For every integer m ≥ 0 there is an isomorphism
Sketch of proof. This is essentially [27, Theorem 2.4]. Fix an integer m ≥ 0. To begin with, the inflation-restriction exact sequence reads
On the other hand, H 0 (K m , A) = 0 for all m by Lemma 2.3, hence
Thus sequence (7) gives an injection Let
, equipped with its canonical structure of compact Λ-module. For every integer m ≥ 0 let
Each X m has a natural structure of Λ m -module and there is a canonical isomorphism of Λ-modules X ∞ ≃ lim ← −m X m . Note that, since the Galois representation A is unramified outside N p, the O p -modules X m are finitely generated.
Proof. Fix an integer m ≥ 0. Thanks to Proposition 2.2, the isomorphism of Theorem 2.6 gives, by duality, a canonical isomorphism
But, again by Proposition 2.2, the quotient X ∞ /I m X ∞ is canonically isomorphic to (X ∞ ) Γm , and we are done.
Corollary 2.8. The Λ-module X ∞ is finitely generated.
Proof. By choosing m = 0 in (8), we obtain an isomorphism X ∞ /I ∞ X ∞ ≃ X 0 . Since X 0 is a finitely generated O p -module, the result follows from a topological version of Nakayama's lemma ([8, Corollary 
where the inverse limit is taken with respect to the multiplication-by-p maps. The Tate module of A) and, again, the inverse limit is taken with respect to the multiplication-by-p maps.
Lemma 2.9. For all m, n ≥ 0 there is an isomorphism
where p n denotes the multiplication-by-p n map, and using Lemma 2.3, we obtain isomorphisms
for all n ≥ 0. These restrict to isomorphisms 
Proof. Fix an integer m ≥ 0. Passing to inverse limits over n in Lemma 2.9 with respect to the multiplication-by-p maps gives the result.
We need one more auxiliary result on Tate modules.
Lemma 2.11. For every m ≥ 0 there is a canonical isomorphism A) . On the other hand, taking Pontryagin duals gives a canonical isomorphism (10) Hom
The lemma follows by combining (9) and (10).
Consider the Λ-modules
the inverse limits being taken with respect to the corestriction maps. There is a sequence of isomorphisms of Λ-modules
where the first isomorphism comes from Proposition 2.10, the second from Lemma 2.11 and the third from Corollary 2.7. Using [28, Lemma 4, (ii)], whose proof can be extended to the case of Iwasawa algebras with coefficients in O p , we obtain canonical isomorphisms
of Λ-modules. It follows from Corollary 2.8 that S ∞ is finitely generated over Λ. 
where the inverse limit is taken with respect to the corestriction maps.
The following result is a straightforward consequence of Definition 2.13.
Proposition 2.14. The Λ-modulesĤ 1 f (K ∞ , T ) and S ∞ are canonically isomorphic. Proof. By [31, p. 261, Corollary], there is a canonical isomorphism
where the inverse limit is taken with respect to the maps induced by the canonical projections T /p n+1 T ։ T /p n T . One easily shows that this isomorphism restricts to an isomorphism between Selmer groups, so we obtain a sequence of canonical isomorphismŝ
(here recall that the inverse limit over n of the groups H 1 f (K m , A p n ) is computed with respect to the multiplication-by-p maps, while all the inverse limits over m are taken with respect to the corestriction maps).
Combining Propositions 2.12 and 2.14, we obtain Corollary 2.15. The Λ-moduleĤ 1 f (K ∞ , T ) is free of finite rank.
Iwasawa modules of Heegner cycles
3.1. Preliminaries on Heegner cycles. We briefly recall construction and basic properties of Heegner cycles, following [24, Section 5] closely. This will also give us the occasion to fix some notation that will be used in the rest of the paper. 
On the other hand, the Abel-Jacobi map for E k−2 N , combined with the projectors Π B and Π ǫ , gives a map [24, Section 4] for details). Then one can define the Heegner cycle y c in H 1 cont (H c , T ) as the image of the cycle (12) via the Abel-Jacobi map (13). This class is independent of the choice ofx c ([24, p. 107]). Finally, since the image of the Abel-Jacobi map is contained in the Bloch-Kato Selmer group, it turns out that
Remark 3.1. In [24] , the Heegner cycle y c is introduced only for c square-free and coprime to N Dp, where D is the discriminant of K. However, one can readily check that the construction of y c carries over without change to our more general setting (in fact, our interest in Iwasawatheoretic considerations will lead us to specialize to the case where c is a power of p).
Hecke action.
Corestriction from H p m+1 to K m gives an element Proof. For simplicity, set β := a p − u σ∈G σ. Suppose that |G| = p t with 1 ≤ t ≤ m and let b := p m−t , so that G is generated by γ b m . Write π m : Λ → Λ m for the canonical projection, fix a liftũ ∈ Λ of u under π m and let G(X) ∈ O p [[X]] be the power series corresponding toũ under isomorphism (2), which we can assume to be a polynomial. The element
is then a lift of β via π m that is sent by isomorphism (2) to 
) is a p-adic unit when p is inert in K (respectively, p splits in K), and then the second formula in Lemma 3.2 proves the proposition for m = 0. Now suppose that the claim is true for m − 1. Then
for some u ∈ Λ × m−1 , and combining this equality with the first formula in Lemma 3.2 gives (15) cores
by Lemma 3.3, the claim for m follows from (15). Definition 3.5. The Iwasawa module of Heegner cycles is the compact Λ-module
The proof of the following result crucially exploits a theorem of Howard ([14] ) that extends to the higher weight setting results of Cornut ([9] ) on the generic non-vanishing of Heegner points on elliptic curves over anticyclotomic Z p -extensions. Proof. First of all, observe that H ∞ is a Λ-submodule ofĤ 1 f (K ∞ , T ), which is free of finite rank over Λ by Corollary 2.15. It follows that H ∞ , being cyclic, is either trivial or isomorphic to Λ. On the other hand, [14, Theorem A] ensures that there is an integer m ≥ 0 such that α m is not O p -torsion in H 1 f (K m , T ). Set x m := α m ∈ H m and for every n ≥ m + 1 choose x n ∈ H n such that cores Kn/K n−1 (x n ) = x n−1 . Since x m is non-torsion, the O p -submodule of H ∞ generated by this compatible sequence is isomorphic to O p , so H ∞ cannot be trivial.
3.4. Injective Heegner modules. Now we introduce the Λ-module E ∞ , which is obtained by taking an inductive limit of Heegner cycles. First note the following easy consequence of Proposition 3.4.
Corollary 3.7. Restriction induces injective maps
Proof. Since res K m+1 /Km is injective, it suffices to show that its image is contained in H m+1 . By Proposition 3.4, we know that α m = u m · cores K m+1 /Km (α m+1 ) for some u m ∈ Λ × m , and the corollary follows by applying restriction and using (1). A) . Proof. By Lemma 2.9, there are isomorphisms
Proposition 3.8. There is an injection of Λ-modules
, and then the (left) exactness of the direct limit gives injections
which completes the proof.
Taking the Pontryagin dual, we get a compact Λ-module
where, for each m, the module E ∨ m := Hom
is the Pontryagin dual of E m . Proposition 3.8 gives a surjection of Λ-modules (16) π :
In particular, there is also an injection of Λ-modules
, where the isomorphism on the right is a consequence of (11) and Proposition 2.14. The next result describes the image of this map.
Proposition 3.9. The image of (17) is equal to H ∞ . Proof. A more or less tautological, albeit somewhat tedious, diagram chasing. We omit the details.
It follows from Proposition 3.9 that there is an isomorphism
In particular, Theorem 3.6 implies that E ∨ ∞ has rank 1 over Λ.
The Euler system argument
The aim of this section is to prove Theorem 1.2; we restate it below.
Theorem 4.1. The rank of X ∞ over Λ is 1.
By Theorem 3.6, the Λ-module H ∞ of Heegner cycles is free of rank 1. Furthermore, the discussion of §3.4 shows that the Λ-rank of E ∨ ∞ is 1. Recall that, by Corollary 2.8, the Λ-module X ∞ is finitely generated. The surjection π :
∞ has rank 1 over Λ, proving Theorem 4.1 is equivalent to showing that the Λ-module ker(π) is torsion. Let τ be the generator of Gal(K/Q). In order to prove Theorem 4.1 it suffices to show that every y ∈ ker(π) lying in an eigenspace for τ (i.e., such that τ (y) = ±y) is Λ-torsion.
As in §2.2, let γ ∞ be a topological generator of G ∞ . We need two lemmas.
Lemma 4.2. There is a generator ω of the ideal
On the other hand, one can write ω = γ −1 ∞ (γ ∞ + 1)(γ ∞ − 1). The isomorphism (2) sends γ ∞ + 1 to 2 + X, which is invertible in O p [[X]] because p = 2, and it follows that ω is a generator of (γ ∞ − 1)Λ.
Lemma 4.3. Let ǫ ∈ {±} and suppose that every y ∈ ker(π) ǫ is Λ-torsion. Then every y ∈ ker(π) lying in an eigenspace for τ is Λ-torsion.
Proof. By Lemma 4.2, there is a generator ω of (γ ∞ − 1)Λ such that ω τ = −ω. Now pick y ∈ ker(π) −ǫ . Then ωy ∈ ker(π) and τ (ωy) = ǫωy, so ωy ∈ ker(π) ǫ . It follows that ωy is Λ-torsion, hence y is Λ-torsion as well.
Choose an element x ∈ X ∞ such that τ (x) = ǫx for some ǫ ∈ {±} and π(x) = 0. Thanks to Lemma 4.3, in order to prove Theorem 4.1 it is enough to show that every y ∈ ker(π) −ǫ is Λ-torsion. To do this, we will adapt the Λ-adic Euler system argument of [1] , as explained in the next subsections.
Kolyvagin primes. Denote by
the Galois representation on A p m and let K(A p m ) be the composite of K and the field cut out by ρ m ; in other words, K(A p m ) is the composite of K andQ ker(ρm) . In particular, K(A p m ) is Galois over Q. In particular, Kolyvagin primes are inert in K. Define
and, for each choice of sign ±, let R (±) m be theR m -module R m with τ acting on group-like elements by γ τ := ±γ −1 . In particular, R (+) m corresponds to the linear extension of the natural action of τ on G m .
Let ℓ be a Kolyvagin prime relative to p m and let λ be the unique prime of K above ℓ; let K λ be the completion of K at λ. Evaluation at Frobenius gives a Gal( [6, Lemma 6.8] ). Since λ splits completely in K m , for each choice of sign ± we obtain an isomorphism ofR m -modules
m . If ℓ is a Kolyvagin prime relative to p m and M ∈ V, T, A, A p m , T /p m T then we let
be the direct sum ⊕ λ|ℓ res λ of the local restrictions res λ where the sum ranges over all the primes λ of K m above ℓ. We will also use the same symbol for the restriction of res ℓ to subgroups of
4.2. Action of complex conjugation. In this subsection we study the action of Gal(K/Q) on Selmer groups. These results will be used in §4.5 to show the existence of suitable families of Kolyvagin primes.
] to be the Iwasawa algebra of D ∞ := Gal(K ∞ /Q) with coefficients in O p . As before, for each sign ± write Λ (±) for the ring Λ viewed as a module overΛ via the action of τ given by γ τ = ±γ −1 for all γ ∈ G ∞ . In particular, Λ (+) corresponds to the linear extension of the natural action of τ on G ∞ .
The canonical action of τ on X ∞ makes it into aΛ-module. Recall the element x ∈ X ∞ chosen at the beginning of this section such that π(x) = 0, where π is the map in (16) , and τ (x) = ǫx for some ǫ ∈ {±}. Now pick an element y ∈ ker(π) −ǫ and consider the surjection ofΛ-modules
Since E ∨ ∞ is torsion-free, ker(π) ∩ Λx = {0}, hence Λx ∩ Λy = {0}. Therefore the canonical map ofΛ-modules Λx ⊕ Λy → X ∞ given by the sum is injective. Composing the last two maps, we get a map ofΛ-modules (19) ϑ :
that sends (α, β) to αx + βy.
Lemma 4.5. For every m ≥ 1 there is a canonical isomorphism
Proof. By definition, X m is the Pontryagin dual of H 1 f (K m , A). Applying Lemma 2.1 with
by Lemma 2.9, and the claim follows.
For every integer m ≥ 1 consider the surjection
where the first isomorphism comes from Corollary 2.7 and the second from Lemma 4.5. Let us define the followingR m -submodules of
-modules, which we shall often view as an inclusion. Therefore we obtain a chain of maps ofR m -modules
where the surjection is induced by p m •ϑ and the injection is given by the sum. By construction, the composition in (21) factors through the surjection
be the resulting map ofR m -modules; ifx andȳ denote the images of x and y in Σ ∨ m then ϑ m ((α, β)) = αx + βȳ. Since there is a non-canonical isomorphism of O p -modules R
of R m -modules and set i m := i 
. It follows that there is a splitting (24) Σ
ofR m -modules. Taking G m -invariants, we obtain an injection
of O p /p m O p -modules, and the structure theorem for finitely generated O p -modules implies
4.3.
Compatibility of the maps. In order to ensure compatibility of the various maps appearing in the previous subsection as m varies, in the sequel it will be useful to make a convenient choice of the isomorphism i 
for some u m ∈ R × m (recall that we denote by β m the image of the Heegner cycle α m in E m ). Using this relation, one can prove the existence of isomorphisms i
then the cyclic R m -modules ψ m (E m ) are generated by elements θ m ∈ R m satisfying θ ∞ := (θ m ) m ∈ Λ. From now on, fix i (ǫ) m as before, so that θ ∞ ∈ Λ. In the following, we will identify R (ǫ) m and its Pontryagin dual by means of this map without making it explicit. We will also implicitly identify R (−ǫ) m with its Pontryagin dual, but we will not need to specify a convenient isomorphism in this case.
Galois extensions.
In this subsection we introduce several Galois extensions attached to the modules defined in §4.2. We start with the following general discussion.
For 
We need a variant of [6, Proposition 6.3, (2)], which we prove in the next Lemma 4.6.
Proof. Restriction of automorphisms injects Gal(K m (A p m )/K m ) into Gal(K(A p m )/K); this induces a natural identification
From the inflation-restriction exact sequence we can extract the exact sequence (27) 
where the first map is restriction and the second is transgression. By where the second isomorphism follows by taking G m -invariants in (24) . Since, by Lemma 4.9, H 1 f (K m , A p m ) injects via restriction into H 1 f (K m+1 , A p m+1 ), restriction induces an injection Σ m Gm ֒→ Σ m+1 G m+1 . It follows that for every m ≥ 0 there is a canonical projection
To introduce the last field extensions that we need, we dualize the exact sequence 
